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Abstract 

I In this paper we study the maximum value of the largest eigenvalue for 

■ simple bipartite graphs, where the number of edges is given and the number of 

vertices on each side of the bipartition is given. We state a conjectured solution, 
which is an analog of the Brualdi- Hoffman conjecture for general graphs, and 
prove the conjecture in some special cases. 
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)E^ ■ 1 Introduction 

■ The purpose of this paper to study the maximum value of the maximum eigenvalue 

00 ! of certain classes of bipartite graphs. These problem are analogous to the problems 

' considered in the literature for general graphs and — 1 matrices [1, 2, 3, 5, 8]. We 

describe briefly the main problems and results obtained in this paper. 
^ , We consider only finite simple undirected graphs bipartite graphs G. Let G = 

^ \ (y UW,E), where V = {vi, . . . , Vm}, W = {wi, . . . , Wn} are the two set of vertices 

of G. We view the undirected edges E' of G as a subset of U x W. Denote by 
degVi,degWj the degrees of the vertices Vi,Wj respectively. Let D{G) = {di{G) ^ 
d2{G) ^ • • • ^ dm{G)} be the rearranged set of the degrees deg vi, . . . , deg Vm- Note 
that e{G) = YlT^i^^S^i is the number of edges in G. Denote by Amax(G') the 
maximal eigenvalue of G. Denote by Gni the induced subgraph of G consisting of 
nonisolated vertices of G. Note that e{G) = e{Gni), XmaxiG) = Amax(Gni). It is 
straightforward to show, see Proposition 2.1, that 



Amax(G) ^ ^MG). (1.1) 

Furthermore the equality holds if and only if G^i is a complete bipartite graph. In 
what follows we assume that G = Gm , unless stated otherwise. 
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The majority of this paper is devoted to refinements of (1.1) for noncomplete 
bipartite graphs. We now state the basic problem that this paper deal with. Denote 
by Kp^q = iy VJW, E) the complete bipartite graph where #y = #VF = q,E = 
V X W. We assume here the normalization 1 < p ^ q. Let e be a positive integer 
satisfying e ^ pq. Denote by /C(p, q, e) the family of subgraphs Kp^q with e edges 
and with no isolated vertices and which are not complete bipartite graphs. 

Problem 1.1 Let 2 ^ p ^ q,l < e < pq be integers. Characterize the graphs 
which solve the maximal problem 

max Xmax{G). (1.2) 

We conjecture below an analog of the Brualdi-Hoffman conjecture for nonbipar- 
tite graphs [1], which was proved by Rowlinson [5]. See [3, 8] for the proof of partial 
cases of this conjecture. 

Conjecture 1.2 Under the assumptions of Problem 1.1 an extremal graph that 
solves the maximal problem (1.2) is obtained from a complete bipartite graph by 
adding one vertex and a corresponding number of edges. 

Our first result toward the solution of Problem 1.1 is of interest by itself. Let 
D = {di ^ d2 ^ ■ ■ ■ ^ d„i} be a set of positive integers, and let be the class 
of bipartite graphs G with no isolated vertices, where D{G) = D. We show that 
max(3g^^ Amax(G) is achieved for a unique graph, up to isomorphism, which is the 
chain graph [9], or the difference graph [7], corresponding to D. (See §2.) It follows 
that an extremal graph solving the Problem 1.1 is a chain graph. 

Our main result, Theorem 8.1, shows that Conjecture 1.2 holds in the following 
cases. Fix r ^ 2 and assume that e = r — 1 mod r. Assume that ^ = [f J ^ r. Let 
p G [r, Z + 1] and [Z + 1,Z + 1 + ^rrj]. So Kp^q has more than e edges. Then 
the maximum (1.2) is achieved if and only if G is isomorphic to the following chain 
graph obtained from K^^i^iJ^i = {V W,E) by adding an additional 

vertex Vr to the set F, and connecting Vr to the vertices w\,...,wi in W . 

We now list briefly the contents of the paper. §2 is a preliminary section in which 
we recall some known results on bipartite graphs and related results on nonnegativc 
matrices. In §3 we show that the maximum eigenvalue of a bipartite graph increases 
if we replace it by the corresponding chain graph. §4 gives upper estimates on the 
maximum eigenvalue of chain graphs. In §5 we discuss a minimal problem related to 
the sharp estimate of chain graphs with two different degrees. §6 discuses a special 
case of the above minimal problem over the integers. In §7 we introduce C-matrices, 
which can be viewed as continuous analogs of the square of the adjacency matrix of 
chain graphs, in §8 prove Theorem 8.1. 

2 Preliminaries 

We now set up some notation and review basic results. Denote by R"*^" the set of 
mXTT, matrices with real entries. We view A G M^^x" as ^ = (A,j)^=i- Let G = {V\J 
W, E) be a bipartite graph with V = {wi, . . . , Vm}^ W = {wi, . . . , Wn}, possibly with 
isolated vertices. We arrange the vertices F U in the order vi, . . . , Vm, wi, . . . , Wn. 
Then the adjacency matrix i? of G is of the form 
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where Ais an. m x n matrix of O's and I's. We call A the representation matrix of 
the bipartite graph G. Note that i — th row sum of A is deg Vi and the j — th column 
sum of A is deg wj. The graph G can be specified by specifying the matrix A. Then 
G does not have isolated vertices if and only if A does not zero rows and columns. 

Given D = {di ^ d2 ^ • • • ^ dm}, a set of positive integers, we construct from 
D the following graph Gd & ^d, well-known as a chain graph [9] or a difference 
graph [7]. The vertices of Gd are partitioned into {vi, . . . ,Vm} and {wi, . . . ,Wn}, 
n = di, and the neighbors of Vi are wi,W2, ■ ■ ■ ,Wdi- This is illustrated in Figure 1. 

We now recall the well known spectral properties of the symmetric matrix 
B e R(.rn+n)x{m+n) ^^ie form (2.1), where A G Ml^*""", i.e. A is m x n matrix 
with nonnegative entries. The spectrum of B is real (by the symmetry of B) and 
symmetric around the origin (because if (x, y) is an eigenvector for A, then (x, — y) 
is an eigenvector for —A). Every real matrix possesses a singular value decomposi- 
tion (SVD). Specifically, if ^4 is m x n of rank r, then there exist positive numbers 
o'i = o'iiA), i = 1, . . . ,r (the singular values of A) and orthogonal matrices U, V of 
orders m, n such that A = UTiV~^ , where S = diag(cji, . . . , 0"^, 0, . . .) is an m x n 
matrix having the ai along the main diagonal and otherwise zeros. It is possible 
and usually done to have the (Tj in non-increasing order. For symmetric matri- 
ces the singular values are the absolute values of the eigenvalues. The matrix B 
from (2.1) satisfies B^ ~ {"^"o a^a ) ' ^^'^ ^° eigenvalues of B^ are those of AA~^ 
together with those of A"^ A. Using the SVD for A we see that AA^ has the m 

eigenvalues erf , . . . , cr^, 0, 0, . . . and A~^A has the n eigenvalues af, . . . ,a^,0,0, 

The eigenvalues of B are therefore square roots of these numbers, and by the 
symmetry of the spectrum of B, the eigenvalues of B arc the m + n numbers 
(Ti, . . . , C7r, 0, . . . , 0, —CFr, . . . , — <Ti. In particular, the largest eigenvalue of B is cri{A). 
We denote this eigenvalue by Ainax(-B) = (Ti{A). If B is the adjacency matrix of G 
then Ainax(G) = Aniax(-B) = ai{A). 

For X = (xi, . . . , Xn)~^ € we denote by ||x|| = ■\JY^=i the Euclidean norm 
of X. For A G M"*^" the operator norm of A is given by cfi{A) = \/Aniax(^^^) = 
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\/Amax(^^ A). We can find cri{A) by the following maximum principle. 

ai(A) = max Ay = max ||Ay||. (2.2) 

yeiii",||y||=i 

To see this, consider the SVD A = UT,V~^ . Every x G M*" with ||x|| = 1 can be 
written as x = C/a, a = (ai, . . . , am)~^ , with ||a|| = 1, and every y E R** with ||y|| = 1 
can be written as y = Vh, b = (6i, . . . , ^n)"*"; with ||b|| = 1. Then 

r r 

yi^Ay = aJu^AVh = a^Sb = ^ aibiai ^ cri^ \aibi\ ^ 



\j=i i=i / \i=i i=i / 

Equality is achieved when x is the first column of U and y is the first column of 
V, and this proves the first equality of (2.2). The second equality is obtained by 
observing that for a given y, the maximizing x is parallel to Ay. 

Another useful fact that can be derived from the SVD A = C/SF^ is the fol- 
lowing: if (x, y) is an eigenvector of (^'r ^) belonging to ai > 0, then ||x|| = ||y||. 
To see this, observe that ^y = crix and A^x = aiy. Define vectors a = C/^x and 
b = V~^y. Then 

Sb = Sy^y = U^Ay = ctiC/^x = cna 

S^a = E^C/^x = V^A'^x = aiV^y = aih. 

It follows that for all i we have (Tj6j = aiUi and (Tjaj = Thus (o"i + (Tj)(6j — aj) = 

0. Since ai + ai > 0, it follows that = bi for all i, and so a = b, i.e., f/^x = V^y. 
The orthogonal matrices and V"^ preserve the norms, and therefore ||x|| = ||y||. 

Recall the Rayleigh quotient characterization of the largest eigenvalue of a sym- 
metric matric M G M."^^'^: Amax(-^) = max||x||=i x'''Mx. Every x achieving the 
maximum is an eigenvector of M belonging to Amax(Af). If the entries of M 
are non- negative (M ^ 0), the maximization can be restricted to vectors x with 
non-negative entries (x ^ 0) because x^Mx ^ |x|^M|x| and |||x||| = ||x||, where 

|x| = (|xi|, . . . , \Xm\)'^- 

Recall that a square non-negative matrix C is said to be irreducible when some 
power of / + C is positive (has positive entries). Equivalently the digraph induced 
by C is strongly connected. Thus a symmetric non-negative matrix B is irreducible 
when the graph induced by B is connected. For a rectangular non-negative matrix 
A, AA^ is irreducible if and only if the bipartite graph with adjacency matrix B 
given by (2.1) is connected. 

If a symmetric non-negative matrix B is irreducible, then the Perron-Probenius 
theorem implies that the spectral radius of 5 is a simple root of the characteristic 
polynomial of B and the corresponding eigenvector can be chosen to be positive. 
The following result is well known and we bring its proof for completeness. 

Proposition 2.1 A = {Aij)'^^'li ^ and assume that B is of the form 

(2.1). Then 
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E ^.r (2-3) 
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Equality holds if and only if either A = or A is a rank one matrix. In particular, 
if G is a bipartite graph with e{G) ^ 1 edges then 

\mUG) ^ (2.4) 

and equality holds if and only if G^i is Kp^q, where pq = e(G). 

Proof Let r be the rank of A. Recall that the positive eigenvalues of AAJ are 
ai{Af, ar{Af. Hence trace ^ ^m,n ^ ^r^^ ^^^^^2 ^ ^^(^)2^ Com- 
bine this equality with the equality Amax(^) = to deduce (2.3). Clearly, 
equality holds if and only if either r = 0, i.e. A = 0, or r = 1. 

Assume now that G is a bipartite graph. Let A be the representation matrix of 
G. Then trace A^"^ = e(G). Hence (2.3) implies (2.4). 

Assume that G = Kp^q. Then the entries of the representation matrix A consist 
of all 1. So rank of A is one and e{Kp^q) = pq, i.e. equality holds in (2.4). Conversely, 
suppose that Amax(G) = y^e(G). Hence Amax(Gni) = \/e(G^. Let C € MP^*? be 
the representation matrix of Gni- Since satisfies equality in (2.3) we deduce that C 
is a rank one matrix. But G is — 1 matrix that does not have a zero row or column. 
Hence all the rows and columns of G must be identical. Hence all the entries of G 
are 1, i.e. Gni is a complete bipartite graph with e(G) edges. ■ 

3 The Optimal Graphs 

The aim of this section to prove the following theorem. 

Theorem 3.1 Let D = {di ^ d2 ^ ■ ■ ■ ^ dm} be a set of positive integers. 
Then the chain graph Gd is the unique graph in ^d, (up to isomorphism), which 
solves the maximum problem max(3g^^ ^max{G). 

Let us call a graph G G SSd optimal if it solves the maximum problem of the above 
theorem. Our first goal is to prove that every optimal graph is connected. For that 
purpose wc partially order the finite sets of positive integers as follows. 

Definition 3.2 Let D = {di ^ d2 ^ ■ ■ ■ dm} and D' = {d{ > 4 ^ • • • ^ d'^,} 
he sets of m and m' positive integers. Then D > D' means that m ^ m' , and 
di ^ d[, d2 d'2, . . . , dm' ^ d'^,, and D ^ D' . 

Theorem 3.3 If D > D' , then XmaxiGo) > XmaxiGo')- 

Proof Let A be the mxdi matrix of O's and I's with row sums di ^ d2 ^ ■ ■ ■ ^ dm, 
and columns ordered so that each row is left-justified (I's first, then O's). Then 
B = {^T q) of order m + di is the adjacency matrix of G^. Let A' and B' be 
defined similarly for Gd'- 

Let M = BB^ and M' = B'B'^ . Then M and M' are symmetric non-negative 
irreducible matrices of orders m and m' , and Aniax(GD) = XmaxiM), Amax (Gm') = 

Amax(M'). 

Case 1: m = m'. In this case, by Definition 3.2, at least one of the inequalities 

di ^ d'l, d2 ^ d'2, . . . , dm ^ d'm holds with strict inequality. It follows that M ^ M' 
(i.e., M — M' is a non-negative matrix), and some integer i € [l,m] satisfies Mj^j > 
Mj' j. Therefore every positive vector y satisfies y^My > M'y. Let y = x' be the 
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positive Perron-Probenius eigenvector of the irreducible matrix M' , with ||x'|| = 1. 
Then by the Rayleigh quotient we have 

Amax(M) ^ x'^Mx' > x'^M'x' = A^ax(M'), 

as required. 

Case 2: m> m! . In this case, let L be the principal submatrix of M consisting 
of its first m! rows and columns. By Definition 3.2 we have di ^ c/'^, c?2 ^ c?2' • • • ' 
dm' ^ d'^i- Therefore L ^ M', and hence Amax(-^^) ^ Amaxl-^')- 

Since L is symmetric and non-negative, there exists a vector y G with y ^ 0, 
||y|| = 1 satisfying Amax(-f') = y'''-^y- Extend y with zeros to a vector x G M"^. 
Then x ^ and ||x|| = 1 and Ly = x'''Mx ^ Aniax(Af)- Equality cannot occur 
here, for if it did, then x would be the unique Perron-Frobenius eigenvector of the 
irreducible matrix M and x would be positive, whereas = for i > m'. Thus 
Amax(M) > Amax(L) > Amax(M'), as required. ■ 

Lemma 3.4 If G E SSd is connected, then \max{G) ^ ^maxiGo)- 

Proof Let D = {di ^ • • • ^ dm} and n ^ di. Let B = (^'t be the adjacency 
matrix of G, where A is mxn with row sums given by D. Since G is connected, B is 
irreducible. Let (x, y) be the positive Perron-Probenius eigenvector of B belonging 
to Ainax(G) =ai{A), withx= (xi, . . . ,x^), y = (yi, ... 

-M){y) = i^r^jry), (3.1) 

and so Ay = ai{A)x. 

As we observed in Section 2, we have ||x|| = ||y||, and so we may choose a 
normalization such that ||x|| = ||y|| = L 

We reorder the columns of A so that yi ^ 1/2 ^ ■■■ ^ Un > 0. The rows are still 
in their original order, and so the row sums are di ^ ••• ^ cim in this order. 

Let A be the matrix obtained from A by left-justifying each row, i.e., moving 
all the I's of the row to the beginning of the row. Then (^i*^ ^ ) is the adjacency 
matrix of Gd with n — d\ zero rows and columns appended at the end, and therefore 

Amax(GD) =ai(t4). ^ 

Since yi ^ y2 ^ • • • ^ l/n ^ and since A is obtained from A by left-justifying 
each row, we have Ay ^ ^y. Since x ^ 0, we have x^^y ^ -xJ Ay. (2.2) yields 

Amax(G£,) = cri(^) = max u"^ Av ^ x"^ ^y > x'^^y 

u€K^,||u|| = l 

veK^,||v||=i 

= xV(^)x = c7i(A) = A^ax(G). (3.2) 



Lemma 3.5 An optimal graph must he connected. 

Proof Let G e SSd be an optimal graph. The graph G is bipartite, and one side 
of the bipartition (call it the first side) has degrees given by D. Let Gi, . . . , be 

the connected components of G. Then Ainax(G) = Ainax(Gj) for some i. 

Like G, the component Gj is also bipartite with the bipartition inherited from 
that of G. Let be the set of degrees of Gj on the first side of the bipartition. 
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If G is disconnected, then D > Dj, and therefore Ainax(G') Aniax(G'£)) > 
Amax(G'/).) ^ AinaxlCj), where the first inequality is by the optiniaUty of G, the 
second by Theorem 3.3, and the third by Lemma 3.4 and the connectivity of Gj. 
This contradicts the equaUty above and proves that G must be connected. ■ 

We are now ready to prove our main theorem. 

Proof (of Theorem 3.1). Let G G SSd be optimal with adjacency matrix B = 
( ^ ) • By Lemma 3.5 G is connected. We begin as in the proof of Lemma 3.4. We 
let (x, y) be the positive Perron- Probenius eigenvector of B belonging to Ainax(G) = 
cri(^), with X = (2-1, . . . y = (yi, . . . , y^)"^, ||x|| = ||y|| = 1. In other words, 

(3.1) holds, or equivalently 

Ay = (7i(^)x (3.3) 
^^x = (7i(^)y (3.4) 

However, this time we reorder both the rows and the columns of A so that x\ ^ 

X2 ^ ■ ■ ■ ^ Xm > and yi ^ y2 ^ " " " ^ Z/n > 0, so now the row sums of A, which 
we still denote by di,d2, ■ ■ ■ ,dm, are not necessarily non-decreasing. As before, we 
let A be the matrix obtained from A by left-justifying each row. The graph with 
adjacency matrix ( ^ ) ^^^^^ isomorphic to Go plus n — di isolated vertices, 

and therefore Amax(G£)) = ai{A). For the same reasons as before we have Ay ^ 
Ay, and therefore (3.2) holds. Moreover, by the optimality of G we have equality 
throughout (3.2). In particular Gd is optimal and XmaxiGo) = o-i{A), so from now 
on we abbreviate (7i{A) = o-i{A) = ai. Now Ay ^ Ay and x^Ay = x^Ay and 
X > give 

!4y = ^y = aix. (3.5) 

The first two rows of (3.5) and xi ^ X2 now give 

2/1 H 1- J/di = <^ixi ^ criX2 = yi-\ \-yd2, 

and since y > we must have di ^ d2. The same argument with rows 2 and 3 shows 
d2 ^ (is, and so on. We have established that the row sums of A are non-decreasing, 
i.e., 

di ^ d2 ^ ■ ■ ■ ^ dm- (3.6) 

Note that by (3.6), the columns of A are top-justified, i.e., the I's are above the 
O's. For this reason and x ^ we have A^x ^ ^^x, and hence y^ ^^x ^ y^A^x 
by y ^ 0. The analog of (3.2) for A~^ now holds with equality throughout and we 
obtain 

t4^x = A^x = aiy. (3.7) 

Our remaining task is to show that di = n and A = A, and therefore G is 
isomorphic to Gd. For that purpose we need notation for rows of A with equal 
sums, and similarly for columns. 

We introduce the following notation for the row sums of A : 

ri = di = ■ ■ ■ = dmi > r'2 = dmi+l = • • • = dmi+m2 > • • " > 
^ fh ~ h^n/t-i+l = • • • = (irniH hn^/jj 
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where 



This is iUustrated in Figure 2. 



mi + • • • + rrih = m. 



Figure 2: The notation for the row sums of A . 
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m2 
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■ n 



■r2 



■rh ■ 



From (3.5) we have aiXi 
we obtain 

Xl = 



{Ay)i = yi-\ hj/di- Therefore by (3.8) and y > 

(3.9) 



(3.10) 



— ^mi ^ — ■ ■ ■ — ^mi+m2 ^ ' ' ' ^ 
Xmi-\ |-m/j_i+l = • • • = Xmi-\ hm^ > 0. 

Analogously using (3.7) and (3.8) and x > we obtain 

yi = -- - = yrn> Vru+i = ■■■ = vvh-i > ■■■> 

Vrz+l = • • • = 2/ri > = y^i+l = yri+2 = ' ' ' = Vn- 

From (3.10) and y > 0, we conclude that 

di = ri = n. 

We are now ready to show that A = A. Since di = ri = n, the first mi rows of 
A are all-1, and so are the first mi rows of A. Now let mi + 1 ^ i ^ mi + m2 be 
an index of one of the next m2 rows. Both A and A have di = r2 I's in row i. Let 
the I's in row i of A lie in columns fci, . . . , fcrj- Then by (3.5) we have 

= {Ayh = {Ay)i = Y,yj- (3.11) 

3=1 3=1 

However, by (3.10) the last ri — r2 components of y are smaller than all other 
components. Therefore if any kj lies in the range {rs + 1, . . . , ri}, it would follow 
that X^jLi Vkj < Yl^=i Vji contradicting (3.11). Therefore kj = j for j = 1 . . . , r2, 

in other words rows i of A and A are the same. 

An analogous argument can be applied to the next ms rows, and so on, and it 
follows that A = A. ■ 
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The arguments of the proof of the above theorem yield. 



Corollary 3.6 Let the assumptions of Problem 1.1 holds. Then any H G /C(p, q, e) 

satisfying ^axGeK:(p,q,e) ^max{G) = \max{H) is isomorphic to Go, for some D = 
{di ^ £^2 ^ • • • ^ dm}, where m ^ p and di ^ q. 

4 Estimations of the Largest Eigenvalue 

In this section wc give lower and upper bounds for Xniax{G), where G is an optimal 
graph with a given adjacency matrix ( q)- (Our upper bound improves the upper 
bound (2.4).) 

Recall the concept of the second compound matrix A2A of an m x 77, matrix A = 

(Aij) [6]: A2A is an (^) x (2) matrix with rows indexed by (ii,i2), 1 ^ ii < ^2 ^ ""^^ 
and columns indexed by (ji,i2), 1 ^ ji < j2 ^ n. The entry in row (^l,^2) and 
column ( J 1,^2) of A2A is given by 

^2A^n..)Uun) = det ■ (4-1) 

Note that (A2^)''' = A2A~^ . It follows from the Cauchy-Binct theorem that for 
matrices A,B of compatible dimensions one has A2{ AB) = (A2A)(A2-B). One also 
has A2/ = / and therefore A2^~^ = {A2A)^^ for nonsingular A. In particular, the 
second compound matrix of an orthogonal matrix is orthogonal, and therefore the 
SVD carries over to the second compound: if the SVD of A is A = UT,V~^ , then the 
SVD of A2A is (A2^) = (A2[/)(A2S)(A2F)T. It follows that if the singular values of 
A are ai ^ (T2 ^ • • • , then the singular values of A2^ are (TjCTj, i < j. In particular, 
when the rank of A is larger than 1, equivalently A2A 7^ 0, we have 

<Ti(72 = ai{A2A) = max (4-2) 

w^O ||w|| 

where the second equality follows by applying (2.2) to A2^. 

We now specialize to A given by (2.1), which is the adjacency matrix of an 
optimal graph. Thus ^ is a matrix of O's and I's whose rows are left-justified and 
whose columns are top-justified. We use the notation (3.8) for the row sums of A. 
For such A the entries of A2A can only be or —1. Indeed, if in (4.1) Ai^j^ = 1, 
then Ai^j^ = Ai^j-^ = Ai^^j^ = 1 and the determinant vanishes. If Ai^j^ = and 
the determinant does not vanish, then again A^^^j.^ = Ai^j^ = Ai^^j^ = 1 and the 
determinant equals —1. In the latter case we say that (^1,^2) and (ji,i2) are in a 
T -configuration. 

To estimate a\a2 from below, we take a particular column vector w in (4.2): the 
(ji)i2), ii < J2 entry of w is 1 if column (j'l, ^2) of A2^ is nonzero; otherwise this 
entry of w is zero. (The assumption A2A 7^ implies that w 7^ 0.) By (4.2) we 
have 

||(A2A)W|| 

<7i'72 ^ — n — n — • (4.3) 
||w|| 

Since w is a vector of O's and I's, ||w|p is the number of nonzero entries of 
w, that is to say, the number of nonzero columns of A2^. We count the nonzero 
columns (ji, j2), ji < 32 of A2^ as follows. Fix j2. There is a unique fc = 1, . . . , /i — 1 
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such that Vk+i + 1 ^ J2 ^ 'f'k- If ji is chosen among 1, . . . ,rk-\-i, then there exist 
(11,12) such that {11,12) and (ji,i2) are in a F-configuration, and otherwise not. It 
follows that for our fixed j2, there are Vk+i values of ji such that column (ji,j2) of 
A2A is nonzero. We can vary j2 without changing A; in — Vk+i ways, so A2A has 
fk+i{'''k ^ fk+\) nonzero columns corresponding to the same k. Summing over A;, we 
conclude that 



h-l 

|2 



k=l 



^rk+i{rk-rk^i)- (4.4) 



By similar arguments we see that ioi 1 ^ k < I ^ h, the vector (A2^)w has mkirii 
entries equal to —ri{rk — ri), and that all other entries of {A2A)w vanish. Therefore 

||(A2A)wf= rukmilnirk-ri)]'^. (4.5) 

l^k<Kh 

Prom (4.3), (4.4) and (4.5), we obtain 

22^ Ei<ik<Khmkmi[ri{rk - n)]'^ 

^1^2 ^ ^ = ^i^f^f! -. ^ • (4.6) 

Efe=i rk+i[rk - rk+i) 

As we have noted above, we assume that h > 1, for otherwise A has rank 1. If /i = 1 
we define co = 0. 

We can improve the lower bound (4.6) by the following consideration. The 
graph with adjacency matrix (^ ) is isomorphic to the one with adjacency matrix 
{^tq). Therefore we can repeat the work in this section with A~^ replacing A. This 
amounts to transposing the Ferrers diagram illustrated in Figure 2. Instead of (4.6) 
we now have 

^^1^2 > ^ = ^fe-i ; , , _ , . ' (4-7) 

where for i = 1, . . . , /i we have r\ = mi + • • • + m/j-j+i and = r/i_j+i — r/j_j+2 

{rh+i = 0). 

Combining (4.6) and (4.7) we obtain 

afa2 ^ LO* = max{u;,u;'}. (4-8) 

We are now ready to estimate af from above. 

Theorem 4.1 Let D = {di ^ ^2 ^ ■ ■ • ^ dm} he a set of positive integers, 
where di > dm- Then 



,2 ^ <Gd) + Ve(GD)2-4a;*(Gzp) 



\mo.{GDy ^ - ^' ' y ^ ^' (4.9) 

where uj*{Gd) is defined in (4-8). Assume that in the Ferrers diagram given in 
Figure 2h = 2. I.e. the degree of the vertices in each group of Go have exactly two 
distinct values. Then equalities hold in (4.6), (4-V' (4-8) O'f^d (4-9). In particular 

uj*{D) = Lo = uj' = mim2r2{ri — r2). (4-10) 
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Proof Since the eigenvalues of A are AmaxlCi))^ = cr^, ctI, . . . , (7^,0, 0, . . ., we 
have Yl'i=i^i ~ trace A = "^ijAfj = e. Let us denote a = af + so that 
a ^ e = e{GD), and b = crfo"!, so that 6 ^ by (4.8). Solving for a\ we obtain 

"1 — 2 ^ 2 

Assume that h = 2. Then A has rank 2, A2A has rank 1, and a = e. Furthermore 
the definitions of uj,lj' yield the equalities (4.10). To complete the proof, we show 
that equality holds in (4.3) and therefore also in (4.6), i.e., b = to. 

Since A2A has rank 1 and its elements are only and —1, all its nonzero rows 
are equal. Say it has c nonzero rows, each with d elements of —1. The trace of 
(A2^)'''(A2y4) is the sum of squares of the singular values of A2A, which equals 
((Ji(A2^))^ = cr^crl in our case. This trace also equals the sum of squares of the 
elements of A2^, namely cd. 

On the other hand, our chosen vector w satisfies ||wp = d and ||(A2A)wp = cd^ 
(because each of the c nonzero rows of A2^ multiplied by w gives —d). Hence 

^^^^^^ijr^^ = cd- Thus both sides of (4.3) are equal to s/cd. ■ 

We suspect that under the conditions of Theorem 4.1 for ^ 3 one has strict 
inequality in (4.9). 

5 A Minimization Problem 

The first step in proving Conjecture 1.2 is to show its validity in the case h = 2 in 
Figure 2. We note that for h = 2, (4.9) is tight by Theorem 4.1. Theorem 4.1 also 
implies that equality holds in (4.6), (4.7) and (4.8). This motivates us to consider 
the problem of minimizing uj*{G). 

Let ni := r2, n2 := ri — r2- Then the condition that the chain graph G has e 
edges is equivalent to 

mini + min2 + m2ni = e. (5-1) 
Formula (4.6) for the case h = 2 gives 

u; = mim2nin2- (5-2) 

Let IC2ip,q,e) C IC{p,q,e) be set of all subgraphs of Kp^g isomorphic to some Gd 
whose Ferrers diagram, given in Figure 2, satisfies the condition h = 2. By the above 
discussion for h = 2, the problem of finding maX(3gj^2(p ^ g) ^max{G) is equivalent to 
the following minimization problem over the integers. 

Problem 5.1 Let p, q and e be integers satisfying 2 ^ p ^ q and 3 ^ e < pq. 

Find the minimum of mim2nin2 in positive integers mi, m2, ni and n2 satisfying 
mi + 777,2 ^ P, ni + n2 ^ q and the constraint (5.1). 

Note if p = g, then Problem 5.1 remains invariant under the duality of exchang- 
ing (7721,7722) with (711,7x2). Conjecture 1.2 implies that any minimal solution of 
Problem 5.1 satisfies the condition min(77i2, ^^2) = 1- 

In order to prove Conjecture 1.2 in the cases discussed in Theorem 8.1 we need 
to consider a problem of minimizing rnirn2nin2 under certain constraints, where 
mi, r7^2, ni and 7^2 are real numbers. We start with the following simple lemma. 
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Lemma 5.2 Let h, b and e be positive real numbers satisfying e > a+b. Assume 
that 

ax + by = e, 1 ^ x, 1 ^ y. (5-3) 

Then 

^.fe-ae-b\ 

xy ^ mm — ; — , . (5-4) 

V 6 a J 

Equality holds if and only if 

1. x = 1 when a < b; 

2. y = 1 when b < a; 

3. X = 1 or y = 1 when a = b. 

Proof Set by = e — ax and observe that f{x) := byx = (e — ax)x. Note that / 
is a parabola, with its maximum at := So / is decreasing for x > xq and 
increasing for x < xq. The minimum of = |, given the constraints x ^ 1, y 1 
is achieved only when a; = 1 and y = > 1 (the minimum possible value of x), or 
when y = 1 and x = ^ > 1 (where x is the maximum possible value). For a < b 
and X = 1 we have xy = which is the LHS of (5.4). For b < a and y = 1 we 
have xy = which is the RHS of (5.4). ■ 

Proposition 5.3 Let 2 ^ r, e G N and assume that 

e = Ir + r — l,r ^ p,q ^ I + 1 -\ -. (5.5) 

r — 1 

Let G = {V, W, E) e }C{p, q, e). Then W^r and #W ^ r. 

Proof Assume to the contrary that i^V ^ r — 1. Since G is not a complete bipartite 
graph, 

e < {r - l)q ^ {r - 1) (^l + 1 + j = Ir + r - 1 = e, 

which is impossible. Replacing g by p we deduce that #W ^ r. ■ 

Hence if p, q and e satisfy (5.5), then for D G lC2{p, q, e) we must have nii + m2^ r 
and ni+n2 ^ r. Since mi, m2, ni, n2 are positive integers, they satisfy the following 
constraints 

m^l, 777,2 ^ ^, ni ^ 1, 71,2 ^ Ij mi + "1-2 ^ 71,1+ "2 ^ f- (^-6) 

Theorem 5.4 Let 2 ^ r G N, e G [r^ + l,oo) and consider the minimum of 
uj = mim2nin2 subject to mi, m2, ui, n2 G M, (5.1) and (5.6). Then the minimum 
j^g (y-i)(e-T-+i) ^ achieved only in one of the two cases 

/ g _ ,^ _)_ 1 \ 

(mi, 7712) = (r- 1,1), (ni,n2)=( ,ll (5.7) 

/ g _ ^ _l_ 1 \ 

(mi,m2) = , 1 , (ni,n2) = (r - 1, 1). (5.8) 
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Proof Let uJ be the minimum value of uj subject (5.1) and (5.6). Note that since for 
the values of mi, m2, ni, n2 given in (5.7) we have lo = (!LJi(£_Z+i) ^ deduce that 
_ ^ (r — i){e r+i) ^ Since all the functions are symmetric in (mi,m2) and (ni,n2), 
we will always assume that mi + m2 ^ ni + ra2- As mi ^ 1 and m2 ^ 1, we have 
(mi — l)(m2 — 1) ^ 0, which implies mim2 ^ mi + m2 — 1. Similarly nin2 ^ 
ni + 772 — 1- Thus 

u = mim2nin2 ^ (mi + m2 - l)(ni + n2 — 1) > (mi + m2 — 1)^. 

Suppose that mi + m2 ^ f . Then 

2 (e - r)2 



UJ 



^ (mi+m2-l)2 ^ (^-l)' 

Since e ^ + 1 and r ^ 2, we obtain 

(e - r)2 - r(r - l)(e - r + 1) = (e - - l)(r^ - r + 2) + 1^0-0 + 1. 

Hence cu > ^(^ ^+^) _|_ ^ ^ . Thus to find the value of U, we may assume 
that mi + m2 < | . 

Fix mi, m2 that satisfy the conditions 

e 

mi ^ 1, m2 ^ 1, - > mi + m2 ^ r. (5-9) 
r 

Now let us find the minimum of niri2 subject to rii ^ 1, ?i2 ^ 1 and (5.1). The 
constraint (5.1) is equivalent to (5.3) with a = mi +m2, b = mi, x = ni and y = ri2. 
Also a + b = 2mi + m2 < r(mi + m2) ^ e. Since a > b. Lemma 5.2 implies that 
nin2 is at a minimum when 

1 / e-b e-mi 

n2 = 1, ni := ni(e,mi,m2) = = . (5.10) 

a mi + m2 



e 



Clearly 

e- (mi +m2) e 
ni[e,mi,m2) > ■ > — ^ = r - 1 ^ 1, 

mi + m2 - 



r 



and hence ni(e, mi, m2) + l ^ r. Thus the problem of minimizing mim2nin2 subject 
to (5.1) and (5.6) is equivalent to the problem 

... , , (e — mi)mim2 ,. 
minimize r := mim2ni{e,mi,m2j = subject to (5.9). (5.11) 

mi + m2 

Fix mi. Since the function increases for t > 0, the minimum of r in (5.11) 
is achieved only in the following two cases: 

1. Case 1: m2 = r — mi if 1 ^ mi ^ r — 1; 

2. Case 2: m2 = 1 if mi ^ r — 1. 

Consider first Case 1. Assume first that r = 2. Then mi = m2 = 1, and the 
minimum of r subject to Case 1 is ^'^ • 

Now assume that r ^ 3. Then r = /(mi), where f{t) := £(!_Jl(£_jO ^ Note that 
f(t) is a cubic with zeros at 0, r and e. Also f(t) < for t < and f{t) > for 
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t > e. Hence f'{t) = for some t = t\ ^ (0, r) and some t = t2 & (''^c). Note that 
f{t) increases on (—00, ti) and decreases on (ti,i2)- 
We need to find min^gji^ f{t). Clearly 

rf{t) = (r - t){e -t)- t{e - t) - t{r -t) = {r- 2t){e - 2t) - . 

As (r - 2)(e - 2) ^ e - 2 ^ - 1 ^ 8, we deduce that /'(I) > 0. As r - 2(r - 1) = 
2 - r < and (e - 2r + 2) ^ (r^ - 2r + 3) = (r - 1)2 + 2 > 0, it follows that 
/'(r - 1) < 0. So 1< < r - 1. Hence 

^^mm fit) = min(/(l), /(r - 1)) = /(r - 1) = ' r + l)ir - I) ^ 

which is achieved only for m\ = r — 1 and m2 = 1. 

We now consider Case 2. In this case r = ^(mi), where 

ie-t)t e + 1 

git) = = e + l-t -. 

' t + 1 t + 1 

Thus on [0,00), the function g'it) vanishes at the point 

io = VeTT - 1 > Vr2 - 1 = r - 1. 

Note that to is the unique solution of (5.1), where mi = ni = t and m2 = n2 = 1. So 
fit) increases on [0,to] ^-nd decreases on the interval [to, 00). Our assumption that 
fni + m2 = mi + 1 ^ ni + n2 = ni + 1 is equivalent to mi ^ ni. So mi ^ to ^ ^i- 
The assumption that mi +777.2 = mi + 1 ^ r means that mi ^ 1 — 1. Hence gimi) has 
a unique minimum at mi = r — 1. This corresponds to rii = Interchanging 
(mi,m2) with (ni,n2) obtain the second solution (mi,m2) = i^—^r-^, 1), (^1,712) = 
(^,1)- ■ 

Theorem 5.5 Suppose one of the following conditions holds. 

1. r = 2, e ^ 3 is odd and 2 ^ p ^ q, I = < q. 

2. S^ren and (5.5) holds. 

Then vii\\iQ^x:2{p.q,c) ^max{G) is achieved only for Gd isomorphic to the graph ob- 
tained from Kr-i^i+i by adding one vertex to the group of r — 1 vertices and con- 
necting it to I vertices in the group 0/ Z + 1 vertices. 

Proof Assume that Of) has the Ferres diagram given in Figure 2 with h = 2. Let 
ni = r2 and 77-2 = — r2. Assume first that r = 2 and 3 < e is odd. Then 7ni ^ 1, 
7712 ^ 1, ?^i ^ 1 and 7i2 ^ 1, so mi + 7712 ^ 2 and ni + 712 ^ 2. Then for e ^ 5 
the theorem follows from Theorem 5.4 for r = 2 and Theorem 4.1. For e = 3 the 
theorem is trivial. For r ^ 3 the theorem follows from Proposition 5.3, Theorem 5.4 
and Theorem 4.1. ■ 
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6 A special case of Problem 5.1 



We now discuss a special case of Problem 5.1 that is not covered by Theorem 5.4. 



Theorem 6.1 Let e = 3A;+1, where k 7 is an integer. Consider the minimum 
of io = mim2nin2, where mi, m2, ni and n2 are positive integers satisfying the 
constraints mi(ni + 7x2) + m2ni = e, mi + m2 ^ 3, ni + n2 ^ 3; in other words, 
(5.1) and (5.6) with r = 3 hold. Then the minimum of u is 2k, and it is achieved 
if and only one of the following cases holds: 



(mi, 7712) = (1,2), (ni,7T,2) = (A;, 1) 

(mi, m2) = {k, 1), (ni, 712) = (1, 2). 



(6.1) 

(6.2) 



Proof Clearly, if (6.1) or (6.2) holds, then uj = 2k. Thus it is enough to show 
that for all integer values of mi, m2, tii and 772 satisfying the constraints that are 
different from the values given in (6.1) and (6.2), we have u> > 2k. 

Since wc can interchange mi with tii and m2 with 772, we assume without loss 
of generality that 77i + 772 ^ mi + m2. We denote the product mim2 by X. Since 
mi + m2 ^ 3, it follows that X ^ 2. 

Case 1: mi + m2 ^ A;. Since 77i + 772 ^ mi + m2 ^ k, we have mim2 ^ A; — 1 
and 77i772 ^ k — 1. This implies m = mim277i772 ^ {k — 1)^ > 2k since k 7. 

Case 2: 3 < mi + m2 < k. Hence X ^ 3. Suppose X ^ k — 1. Since 771+772 ^ 4, 
we have 771772 ^ 3. Thus uj = mim277i772 ^ 3{k — 1) > 2k since k ^ 7. 

So for the remaining part of Case 2 we assume that X < k — 1, and hence 

J ^ 2. We will now show that 77i772 ^ [xJ + from which it will follow that 



u> = Xnin2 > X 



2k 
X 



2k, as required. 



Assume to the contrary that 771772 < |_xj + 1- Since 771772 ^ [^J '^'^ have 
ni + n2 ^ [^J + 1, and hence 77i ^ [^J . We now obtain an upper bound for e. 
Clearly 



2k 



+ 1 +m277i ^ mi 



e = mi (771 + 772) + m277i ^ mi 
Observe that that for any < a G M we have the inequality 



2k 



+ l]+m2 



X 
2k 



and hence 



mi (a + 1) + m20 ^ mim2(a + 1) + a = X{a + 1) + a 



e^X 





2k 




2k 


= X 


2k 


+ X + 


2k 


( 




















_Y 





(6.3) 



X + Since / is strictly convex on (0, 00), it follows that f{X) ^ 
max(/(3), fik - 2)) = max(3 + f , - 2 + ^). Hence /(X) < A; + 1 for /c > 6. 



Let fix) 



We also note that in the range [3, A; — 2], f(x) has a unique minimum at a; = V2k. 
Furthermore, f{x) is strictly increasing after that point. 

Consider the function g{x) = x + [^J on the interval x G (0, 00). Note that g{x) 
is piecewise linear, where each linear piece has slope 1, and is continuous from the 
left, with jumps at Xi = ^ for 7 G N. So g{xi) = f{xi) for i G N, and g{x) < f{x) 
if < X ^ Xi ioT i e N . This implies g{X) 



X + LfJ ^ /(X) < A; + 1 for A; > 6. 
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Since g{X) is an integer, we deduce that g{X) ^ k when A; > 6 and X E [3,k — 2]. 
Use (6.3) to deduce that 

2k 

+ g{X) ^ X— + g{X) ^2k + k = 3k. 

This contradicts the assumption that e = 3k + 1, and completes Case 2. 

Case 3: nii + m,2 = 3. Then mim2 = 2 and e = 3ni + min2- Assume first that 
nil = 2 and 777-2 = 1- Since e = 3A; + 1 it follows that 772 ^ 2. So 377i772 = 772(6 — 2772). 
Since e ^ 22, the minimum of 771772 is achieved either for 772 = 2 or for the maximum 
possible value of 772 obtained when n\ = 1. For 772 = 2 we have 77i = A; — 1 and 
uj = 4(A; — 1) > 2k \i k > 2. For 771 = 1 we have 772 = which may not be an 
integer, and u; = (e — 3) = 3/c — 2 > 2A: for A: > 2. 

Assume finally that 7771 = and 7772 = 2. Then e = 377i + 772. Lemma 5.2 yields 
that 771772 ^ = A, and equality holds if and only if 772 = 1 and 77i = k. This 
completes Case 3 and the proof of the theorem. ■ 

We used software to show that Theorem 6.1 holds for A; = 2, 3, 4, 5, 6. 



e^X 



2k 



7 C-matrices 

Let M^^ := {c = (ci, . . . ,Cp) e W , ci ^ 
associate the following symmetric matrix. 



• • • ^ Cp ^ 0}. With each c G we 



M(c) = [C^in(^j)]f,,=l- (7.1) 

The following result is well-known [4, §3.3, pp. 110-111]. 

Proposition 7.1 Let c = (ci, . . . , Cp) G Then all the minors of M{c) are 

nonnegative. In particular M [c) is a nonnegative definite matrix. Ifci>--->Cp> 
0, then all the principal minors o/M(c) are positive, i.e., M(c) is positive definite. 

Corollary 7.2 Let c = (ci, . . . , Cp) G 1^+^- Then the rank of M(c) is equal to 
the number of distinct positive elements in {ci, . . . ,Cp}. 

Proof Let {c^j , . . . , Qj,} be the set of all distinct positive elements in {ci, . . . , Cp}. 
Hence the rank of M(c) is at most k. Let F be the principal submatrix of M(c) 
based on the rows and columns {ii, . . . , i^}. Proposition 7.1 yields that rank F = k.g 

In what follows we assume that c = (ci, . . . , Cp) G 1^+^ unless stated otherwise. 

Assume that ci ^ ■ ■ ■ ^ c„i > = c„i+i = ■ ■ ■ = Cp. Denote by c+ := (ci, . . . , Cm)- 
Then M(c_|_) is the principal submatrix of M(c) obtained from M(c) by deleting 
the last p — m zero rows and columns. Let 

Ai(c) ^ A2(c) ^ ••• ^ Ap(c) ^ 

be the p eigenvalues of M(c). Let 777' be the number of distinct elements in 
{ci,...,Cm}. Corollary 7.2 yields that M(c) has exactly 777' positive eigenvalues 
and Aj(c) = Ai(c+) for i = 1, . . . , 777. 



16 



Let Sm(M) be the space of m x m real symmetric matrices. Since Ai(M) is a 
convex function on Sto(M) by 

m.. + max||,||^i x^Ax + max||y||^i y^By 

||z||=i 2 2 

we obtain the following result. 

Proposition 7.3 Let C C ^^\^ be a compact convex set. Let £{C) he the set of 
the extreme points of C. Then maxcgc -^i(c) = maxcg£:(f;) Ai(c). 

We show that Xi{Gd) = Ai(d) for a corresponding vector d G Let D = 

{di ^ d2 ^ ■ ■ ■ ^ djn} be a set of positive integers. Assume that m ^ p and let 
d = (di, . . . , dm, 0, . . . , 0) G Let G{d) denote the chain graph with degrees 

d, that is to say the chain graph Gd with p — m additional isolated vertices, where 
D = {di, . . . , dm}- Let ^(d) be the representation matrix of G{d). Note that ^(d+) 
is the representation matrix oi Gd- Clearly A(d)yl(d)^ = M(d). Hence 

Amax(GD)' = Ai(d) = Ai(d+). (7.2) 

Thus M(d) can be viewed as a continuous version of G(d). The main idea of 
the proof of Conjecture 1.2, under the conditions discussed in the Introduction, is 
to replace the maximum discussed in Problem 1.1 with the maximization problem 
discussed in Proposition 7.3 with a carefully chosen C. 

We now bring a few inequalities for Ai(d) needed later, which can be viewed as 
a generalizations of Proposition 2.1 and Theorem 4.1. 

Proposition 7.4 Let c = (ci ,Cp) G K^^- Then 

p p 

e(c) := trace M(c) = = ^ Aj(c), (7.3) 

1=1 1=1 
p p 
^ Ai(c)2 = trace M(c)2 = ^(2i - l)cf , (7.4) 
1=1 1=1 

Ai(c)Aj(c)= Yl c,(ci-c,). (7.5) 
Hence Ai(c) ^ e(c). Equality holds if and only if M{c) has rank one. Moreover, 

Ai(c)=^ f](2^-l)cf. (7.6) 
\ 1=1 

A sharper upper estimate o/ Ai(c) for p ^ 2 is given as follows. Assume that the 
set {ci, . . . , Op} consists of h^ 2 distinct positive numbers. Then 



^ {2aH-l)e{c) + ^e{cf-4ahP 

Ai(c) ^ — , (7.7) 
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where 



For a /ixec? /3, the right-hand side of (7.7) is an increasing sequence for h = 2,3, . . ., 
and its limit as h ^ oo is the right-hand side of (7.6). 

Proof The equalities (7.3), (7.4) are straightforward. The equahty (7.5) follows 
from them and the identity 

l^i<j^ \i=l / i=l 

Since all \i{c) are real, the inequality (7.6) follows from (7.4). 

We now show how the estimate (7.7) follows from (7.5). By Corollary 7.2 the 
rank of M(c) is exactly h, and therefore exactly h eigenvalues of M(d) are positive. 
Thus in the left-hand side of the equalities (7.3)-(7.5), i and j can run from 1 to /t 
only. For h = 2, (7.7) follows with equality from (7.3) and (7.5). 

Assume that /i ^ 3. We let Ai(c) = x and e(c) = e and rewrite (7.5) as follows: 

x{e-x) = l3~ J2 ^i(c)Aj(c)- (7.9) 

In (7.9) we are free to choose A2(c), . . . , A/i(c) subject to x-\- ^24.i^h -^i(^) — ^> 
wish to maximize x. 

Observe that the right-hand side of (7.9) is always nonnegative by (7.5) and 
the definition of (3. Thus (7.9) has two solutions x between and e, and we 
are interested in the larger one and want to maximize it. This is equivalent to 
choosing A2(c), . . . , Xh{c) so as to minimize the right-hand side of (7.9), or equiva- 
lently to maximize X^2^i<j^/i well-known that a sum of the form 
Yli^i<j^k ^i^j ^^^y increase if the ai are each replaced by their arithmetic 
mean Indeed, (E 1 • aif ^ (E l^)(Eaf) = ^Eaf- Therefore 2Ei<j- a^aj = 

{Y.ai? - Eaf ^ {Y.ai? - \{Y.ai? = (Eai)^¥ = H2) ^ 

Thus the upper estimate on x is achieved if we set each of A2 (c) , . . . , \h (c) equal 
to y. Then x and y are subject to x + {h — l)y = e and x{e — x) -\- {'^2^)y^ = P- 
Eliminating y, we see that x should satisfy 

^(e -x) + ^f^ie - xf = (3, (7.10) 

and the larger solution of (7.10) yields (7.7) for /i ^ 3. 

The left-hand side of (7.10) is a quadratic in x, which is positive for < x < e 
and increases with h. Therefore the larger solution of (7.10) increases with h. When 
we take (7.10) to the limit h — >■ 00, we obtain x{e—x)-\-^{e — x)'^ = (3, or equivalently 

p 

^2 = - 2/3 = ^(2i - l)c^ (7.11) 

i=l 

and the positive solution of (7.11) is equal to the right-hand side of (7.6). ■ 
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8 A proof of Conjecture 1.2 in certain cases 



Theorem 8.1 Let 2 ^ r ^ I be two positive integers. Assume that e = rl+r — 1. 
Suppose one of the following conditions holds: 

1. r = 2 and 2 ^ p ^ q, I = ^ < q; 

2. 3 ^ r ^ I and r ^ p ^ I + 1 ^ q ^ I + 1 + 

Let be the graph obtained from i^r-i,i+i adding one vertex to the group of 

r — 1 vertices and connecting it to I vertices in the group of I + 1 vertices. Then 
^max{G) ^ ^max{Gr,i-i-i), for all G G IC{p,q,e). Equality holds if and only if G is 
isomorphic to ■ 

Proof Corollary 3.6 implies that in order to find ^sxGeK{p,q.e)7 it is enough to 
consider graphs Gd = {U, V, E), for some D = {di ^ ^2 ^ • • • ^ dm}, where m ^ p 
and di ^ q. We are going to assume that #C/ = m ^ #V = di (if this is not 
satisfied consider the isomorphic graph G'jj = (V, U, E)). Let d = {di, . . . , dm) be 
the degree sequence of D. 

Since }C{e,p, q) does not contain a complete bipartite graph, we know that m ^ 2. 
Proposition 5.3 yields that m ^ r for r ^ 3. Let 5i := di — dm ioT i = 1, . . . , m. We 
define s by 5c,. > = 5s+i = ■ ■ ■ = 5m, and put S := {5i, . . . , Sg)'^ ■ Thus switching 
from d to d amounts to deleting the first dm columns of the Ferrers diagram of 
d, and then deleting empty rows. The resulting Ferrers diagram has a total of 
e' := e — mdm = J2i=i components equal to 1 and the rest are zero. Note that 
Si ^ q — dm- As h ^ 2, we have that Ss ^ 1- Hence e' ^ e — 1 and ^ ^ 1. 

We now consider the following polyhedron in M^: 

s 

P ■.= {{xi,...,XsV eW, xi^X2^ ■■■^Xs^O, Y,Xi = e'}. (8.1) 

1=1 

Using the notation 

ln,i:=il,...,l,0,...,Oy eW", i = l,...,n, (8.2) 



it is clear that the extreme points of P are i = 1, . . . ,s. 

Let us define 

^(d) = (tll,j, ■ ■ ■ ) (imji) ~^m,i "I" dm^m,m, i = 1, . . . , S. (^■3) 

We note that d G C(d) := conv {ai(d), . . . ,as(d)}. Indeed, S ^ P, and therefore 
there exist ai, . . . , ^ satisfying '^'l^i = 1 and '^'l^i ai^li^i = 6. Then 

s ^ f e' \ ( ^ e' \ 

^ ^ Q^i^i(d) = ^ ] Oti I —im,i ~l~ dm^m,m J ~ I ^ ^ (^i~^m,i J ~l~ dm^m,m 
i=l i=l ^ \i=l ^ J 

{di, . . . ,ds,dm, ■ ■ ■ ,dm)'^ = {di, . . . ,ds,ds+i, . . . ,dm)~^ = d. 
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Since d is a convex combination of ai(d), . . . , as(d), it follows that M(d) is the same 
convex combination of M(ai(d)), . . . , M(as(d)). Combine (7.2) with Proposition 7.3 
to obtain 

Amax(Gz,)2 = Ai(M(d)) ^ max Ai(M(afc(d))). (8.4) 
The vector afe(d) has the form afe(d) = {x, . . . ,x, y, . , y )^ with x = ^ + dm and 

k m—k 

y = dm- Therefore the first k rows of M(afc(d)) are equal to afe(d) and the last m—k 
rows are equal to y'i-m,m- 

Proposition 7.1 and Corollary 7.2 yield that M(afe(d)) is 
a nonnegative definite matrix of rank 2. It satisfies 

Ai(M(afc(d))) + A2(M(afc(d))) = traceM(afc(d)) = k (^^ + dm^ + {m - k)dm = e. 

(8.5) 

The product Ai(M(afc(d)))A2(M(afc(d))) is equal to the sum 



^A,(M(afc(d)))A,(M(a,(d))), 



i<3 

which in turn equals the coefficient of A"*^^ in the characteristic polynomial 

n(A-A,(M(afe(d)))). 

i 

This coefficient equals in turn the sum of all 2 x 2 principal minors of M(afc(d)). 
There are k{m — k) contributing minors, each of the form det(y y) = y{x — y). 
Therefore 

Ai(M(afc(d)))A2(M(afc(d))) = a;(afc(d)) := fc(m - kf-dm- (8.6) 

H6ncG 

A,(M(a,(d))) = -^^-'-^Mak{^)) _ (3,^ 

Thus the maximum possible value of Ai(M(afc(d))) is achieved for the minimum 
value of aj(afc(d)). This situation corresponds to the minimization problem we 
studied in Theorem 5.4. We put 

e' 

mi = k, m2 = m — k, ni = dm, n2 = —■ 

k 

Clearly mi ^ 1 and ni ^ 1. Also = m — k^s-}-! — k^ 1 and n2 = ^ ^ 
^ ^ 1. Recall that m = mi + m2 ^ r. We claim that for each 2 ^ r G N, the 
inequality ni + n2 ^ r holds. For r = 2 this inequality follows from the inequalities 
ni ^ l,n2 ^ 1. Assume now that r ^ 3. Observe that 

e' e' e' e — mdm e — dm 

ni + n2 = dm + -r ^ dm-\ ^ dm H 7 = dm + 



k s m—1 m—1 m—1 

Recall that Go is not complete bipartite. Since di ^ ■ ■ ■ ^ dm, we deduce that 
dm^^- Hence 

e — dm ^ /■/ \ ^ , 1 

^ /(m) := + — -. 

m — 1 m — 1 m[m — 1) 
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So f{m) is a decreasing function for m > 1. For m = p = I + 1, obtain /(Z + 1) > 
e _ ri+r-1 > if j. ^ 3. Hence ni + n2 ^ r for any r ^ 2. Theorem 5.4 implies the 
inequality 

,(a,(d)) ^ (8.8) 

Hence 

e + ./e2-((l- -i)(^-"+i) )2 
Ai(M(afc(d))) ^ ^ ^ = A^ax(G.,^+l)^ 

where the last equality follows from Theorem 4.1. We use (8.4) to deduce 

Amax(GD) ^ Ai„ax(Gr,/+i) for any Go e /C(p, q, e). (8.9) 

It is left to show that equality holds in (8.9) if and only if D = := {di = ■ ■ ■ = 
dr-i = I + I > dr = I}. Let = {I + I, ... ,1 + 1,1) be the corresponding degree 
sequence of I?*. We now consider the equality case in (8.8). Theorem 5.4 asserts 
that equality holds only if one of the two conditions in (5.7) holds. 

Assume first that the first condition of (5.7) holds. So ni = ^"'^'^^ = I. On 
the other hand ni = dm- So dm = I- Also m = mi + m2 = r — l + l = r. 
Furthermore, n2 = ^ = 1. This can happen if and only if (5i = • • • = (5^ = 1. Hence 
di = ■ ■ ■ = dg = I + 1 and dg-^-i = dj. = I. Since e = + r — 1, we deduce that 
s = r — 1. 

Assume now that the second condition holds in (8.8). So dm = ni = r — 1 and 
|r = 1. Hence di = ■ ■ ■ = dg = r > ds+i = • • • = dm = r — 1. We have mi = = 
I = k and m2 = 1. So m = mi + m2 = 1 + 1. Since e = r/ + r — 1, we deduce that 
s = r —1. Hence D = D* = {di = ■ ■ ■ = di = r > di^i = r — 1}. Note that Gd* 
is isomorphic to Gd, = Gr,i+i = (C/*,F*,£^). More precisely, Gd-^, = {V^,U^,E). 
Assume first that r ^ 3. Then = I + 1 > r = #J7*. This case is ruled out 
since we agreed to consider only Gd = {U,V,E) where ^ ^V. If r = 2, then 
#Vi = =1 + 1 and #[/ = 2. If e ^ 5, then this case is ruled out as above. If 
e = 3, then any G G /C(2, 2, 3) is isomorphic to (^2,25 and the theorem trivially holds 
in this case. In particular any Gd G ^(2, 2, 3) is equal to Gd,- 

Let Gd = {U,V,E) £ IC{p,q,e), and assume that #U ^ #V and D 7^ D^. 
The above arguments show that u}{a.k{d)) > u;(ar_i(d*)) for A; = 1, . . . , s. Hence 
Ai(M(afc(d)) < Ai„ax(Gr,i+i)^ for A; = 1, . . . , s, and (8.4) yields that Amax(GD) < 

Amax(Gr,/+l)^. ■ 
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